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Abstract 

CN ■ We consider the ground state of an atom in the framework of non-relativistic 

J^ . qed. We show that the ground state as well as the ground state energy are analytic 

CN . functions of the coupling constant which couples to the vector potential, under 

the assumption that the atomic Hamiltonian has a non-degenerate ground state. 
_ Moreover, we show that the corresponding expansion coefficients are precisely the 

C^ ' coefficients of the associated Raleigh-Schrodinger series. As a corollary we obtain 
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that in a scaling limit where the ultraviolet cutoff is of the order of the Rydberg 
energy the ground state and the ground state energy have convergent power series 
expansions in the fine structure constant a, with a dependent coefficients which are 
finite for a > 0. 



1 Introduction 

Non-relativistic quantum electrodynamics (qed) is a mathematically rigorous theory de- 
scribing low energy phenomena of matter interacting with quantized radiation. This 
theory allows a mathematically rigorous treatment of various physical aspects, see for 
example [TT] and references therein. 

In this paper we investigate expansions of the ground state and the ground state energy 
of an atom as functions of the coupling constant, g, which couples to the vector potential 
of the quantized electromagnetic field. Such an expansion carries the physical structure 



*E-niail: david.hasler@math.lniu.de, on leave from College of William & Mary 
^E-mail: iwh@virgima.edu. 



originating from the interactions of bound electrons with photons. These interactions lead 
to radiative corrections and were shown [8] to contribute to the Lamb shift [19]. The main 
result of this paper, Theorem [H shows that the ground state as well as the ground state 
energy of the atom are analytic functions of the coupling constant g. We do not impose 
any infrared regularization (as was needed in [H]). We assume that the electrons of the 
atom are spin-less and that the atomic Hamiltonian has a unique ground state. Moreover, 
we show that the corresponding expansion coefficients can be calculated using Raleigh- 
Schrodinger perturbation theory. To see this we introduce an infrared cutoff a > and 
show that the ground state as well as the ground state energy are continuous as a function 
of a. This permits the calculation of radiative corrections to the ground state as well as 
the ground state energy to any order in the coupling constant. To obtain contributions of 
processes involving n photons, one needs to expand at least to the order n in the coupling 
constant g. The main theorem of this paper can be used to justify a rigorous investigation 
of ground states as well as ground state energies by means of analytic perturbation theory. 

As a corollary of the main result we obtain a convergent expansion in the fine structure 
constant a, as a tends to zero, in a scaling limit where the ultraviolet cutoff is of the order 
of the Rydberg energy. To this end we introduce a parameter, /3, which originates from 
the coupling to the electrostatic potential, show that all estimates are uniform in /3, and 
set g = o?!"^ and /3 = a. As a result. Corollary [3l we obtain that the ground state and 
the ground state energy have convergent power series expansions in the fine structure 
constant a, with a dependent coefficients which are finite for a > 0. These coefficients 
can be calculated by means of Raleigh- Schrodinger perturbation theory. The expansion 
of the ground state is in powers of (X'l'^ and the expansion of the ground state energy is in 
powers of o? . This result improves the main theorem stated in [Sid] where it was shown 
that there exists an asymptotic expansion in a involving coefficients which depend on a 
and have at most mild singularities. We want to note that in different scaling limits of 
the ultraviolet cutoff expansions in the first few orders in a were obtained in [TJ [101 E] , 
which involve logarithmic terms. The scaling limit which we consider in this paper (where 
the ultraviolet cutoff is of the order of the Rydberg energy) is typically used to study the 
properties of atoms, c.f. [21 [Sj HI [T71 [6]. In [T71 [6] estimates on lifetimes of metastable 
states were proven, which, in leading order, agree with experiment. 

Let us now address the proof of the main results. It is well known that the ground state 
energy is embedded in the continuous spectrum. In such a situation regular perturbation 
theory is typically not applicable and other methods have to be employed. To prove the 
existence result as well as the analyticity result we use a variant of the operator theoretic 
renormalization analysis as introduced in |5j and further developed in [1] . The main idea 
of the proof is that by rotation invariance one can infer that in the renormalization analysis 
terms which are linear in creation and annihilation operators do not occur. In that case 
it follows that the renormalization transformation is a contraction even without infrared 



regularization. A similar idea was used to prove the existence and the analyticity of the 
ground state and the ground state energy in the spin-boson model [16] . In the proof we will 
use results which were obtained in [16]. We note that related ideas were also used in [H]. 
Furthermore, we think that the method of combining the renormalization transformation 
with rotation invariance, as used in this paper, might be applicable to other spectral 
problems of atoms in the framework of non-relativistic qed. We note that contraction 
of the renormalization transformation can also be shown using a generalized Pauli-Fierz 
transformation [21]. As opposed to the latter reference and all other treatments we are 
aware of, we do not use (or need) gauge invariance of the Hamiltonian. Thus for example 
the quadratic term in the vector potential could be dropped and our results would remain 
the same. 

2 Model and Statement of Results 

Let (f), (■, ■)(,) be a Hilbert space. We introduce the direct sum of the ra-fold tensor product 
of f) and set 

oo 
n=0 

where we have set ()®° := C. We introduce the vacuum vector Vt := (1,0,0, ...) G J^(f}). 
The space J^(l)) is an inner product space where the inner product is induced from the 
inner product in [). That is, on vectors r/i ® ■ ■ ■ ■/^n, V^i ® ■ ■ ■ V'n G J-'^"-'([)) we have 



(^1 ® ■ ■ ■ ??«, V^l ® ■ ■ ■ Vn) ■= Y[{Vi, Vi) 



Hi)- 



i=l 



This definition extends to all of J^(f)) by bilinearity and continuity. We introduce the 
bosonic Fock space 

oo 
n=0 

where S'„ denotes the orthogonal projection onto the subspace of totally symmetric tensors 
in J-'*^"'^(f)). For /i G f) we introduce the so called creation operator a*{h) in J^s{^) which 
is defined on vectors i] G J-j (f)) by 

a*{h)ri := Vn + lSn+i{h O r]) . (1) 

The operator a*{h) extends by linearity to a densely defined linear operator on J^(f)). One 
can show that a*{h) is closable, c.f. [20], and we denote its closure by the same symbol. 
We introduce the annihilation operator by a{h) := {a*{h))*. For a closed operator A G f) 



with domain D{A) we introduce the operator T{A) and dr{A) in -F(P)) defined on vectors 
7] = rji (g) ■ ■ ■ (g) rjn e -F^^Hf)), with rji E D{A), by 

T{A)ri := Aril ® ■ ■ ■ (g) Arin 

and 

n 

dT{A)r] := ^ ?7i (g) ■ ■ ■ (g) r]i_i ® Ar]i ® r^j+i ^ ■ ■ ■ (g r]n 

i=l 

and extended by hnearity to a densely defined hnear operator on -7-'(f)). One can show 
that dr{A) and r(74) are closable, c.f. f20], and we denote their closure by the same 
symbol. The operators T{A) and dT{A) leave the subspace J-'s{i)) invariant, that is, their 
restriction to J-'s(()) is densely defined, closed, and has range contained in J^5(f)). To define 
qed, we fix 

I) := L2(M3 X Z2) 

and set J-" := J^^(f)). We denote the norm of fi by || • ||(,. We define the operator of the 
free field energy by 

Hf := dr{M^), 

where u{k,X) := u){k) := \k\ and M^ denotes the operator of multiplication with the 
function if. For / G fi we write 

«*(/) = E [dkfik,X)a*ik,X), a{f) = J^ I dkJ{kj:)a*{k,X). 

where a{k,X) and a*{k^X) are operator- valued distributions. They satisfy the following 
commutation relations, which are to be understood in the sense of distributions, 

[a{k, A), a*{k\ A')] = 5xx'5{k - k'), [a*{k, A), a*{k', A')] = , 

where a* stands for a or a*. For A = 1, 2 we introduce the so called polarization vectors 

e(-,A) :^2:={A;GM^||A;| = 1} ^ R^ 

to be measurable maps such that for each k E S'^ the vectors e{k,l),e{k,2),k form an 
orthonormal basis of M^. We extend e{-, A) to M^ \ {0} by setting e{k, A) := e{k/\k\, A) 
for all nonzero k. For a; G M'^ we define the field operator 



Mx) ■■= E / '^'"'/m^ [e-'^Mk, X)a*{k, A) + e^'Mk, A)a(fc, A)] 



(2) 



where the function k^-a serves as a cutoff, which satisfies Ko-,a(^) = lifo"<|/i;|<A and 
which is zero otherwise. A > is an ultraviolet cutoff, which we assume to be fixed, and 



0" > an infrared cutoff. Next we introduce the atomic Hilbert space, which describes 
the configuration of A^ electrons, by 

"Hat := {^ e L^(M^^)|V^(x^(i),...,x^(7V)) = sgn(7r)V^(xi,...,a;Ar),7r G &n}, 

where ©at denotes the group of permutations of A^ elements, sgn denotes the signum 
of the permutation, and Xj G M.^ denotes the coordinate of the j-th electron. We will 
consider the following operator in "H := "Hat ® J^, 

N 

HgA^ ■■=■■ Y^^PJ + 9MPxj)y : +V + Hf, (3) 

i=i 

where pj = —id^., V = V{xi, ..., x^) denotes the potential, and : ( ■ ) • stands for the Wick 
product. The coupling constant (? G C is of interest for the main result. Theorem [H The 
parameter /3 G M will be used in Corollary |3l We will make the following assumptions on 
the potential V, which are related to the atomic Hamiltonian 

iJat := -A + V, 

which acts in Hat- We introduced the Laplacian —A := J2j=iP'j- 

Hypothesis (H) The potential V satisfies the following properties: 

(i) V is invariant under rotations and permutations, that is 

V{xi, ..., xn) = V{R-^xi, ..., R-^xn), Vi? G ^0(3), 
V{xi, ..., Xn) = ^(^^(i), ..., x^(7v)), Vtt G &n- 

(ii) V is infinitesimally operator bounded with respect to —A. 
(iii) Eg^t '■= inf cr(ifat) is a non-degenerate isolated eigenvalue of ifat- 

Note that for the Hydrogen, A^ = 1, the potential V{xi) = — jxip satisfies Hypothesis 
(H). Moreover (ii) of Hypothesis (H) implies that Hg^^^cr is a self-adjoint operator with 
domain D{—A + Hj) and that Hg^js^^ is essentially self adjoint on any operator core for 
—A + if J, see for example [181 HH]. For a precise definition of the operator in (|3]), see 
Appendix A. We will use the notation Dr{w) := {z E CWz — w\ < r} and Dr := Dr{0). 
Let us now state the main result of the paper. 

Theorem 1. Assume Hypothesis (H). Then there exists a positive constant Qq such that 
for all g G -Dg^, f3 E M., and a > the operator Hgp^^j has an eigenvalue Ep^fj{g) with 
eigenvector tpi3^cr{g) and eig en-pro j ection Pf^^cr{g) satisfying the following properties. 



(i) forgeRn Dg^^, Ep^^{g) = mia{Hg^p^^). 

(a) g I— 7- Ep^ji^g) and g i-t- ipp^a^g) o^'^e analytic on Dg^. 

(in) g I— 7- Pj3,a{,g) is analytic on Dg^^ and Pp^cj^g)* = Pp^ri^)- 

The functions Ep^aig), 4'i3,a{g), and Pj3^cj{g) are hounded in {g,(3,a) G Dg^ x M x [0, oo) 
and depend continuously on a > 0. 

The infrared cutoff a will be used in Sections |3] to relate the expansion coefficients to 
analytic perturbation theory. We want to emphasize that the proof of Theorem [1] does not 
use any form of gauge invariance. In particular the conclusions hold if the terms quadratic 
in Act are dropped from the Hamiltonian. Using Theorem [1] and Cauchy's formula one 
can show the following corollary, see Section |9l 

Corollary 2. Assume Hypothesis (H). And let g^, Ep^^i^g), tp^^a^g) and Pp^^ig) be given 
as in Theorem [I]. Then on Dg^ we have the convergent power series expansions 

oo oo OD 

n=0 n=0 n=0 

where the coefficients satisfy the following properties: ipf^l, E^l, and P^l and depend 
continuously on a > 0, and there exist finite constants Co, R such that for all n G No and 

{13, a) G M X [0,oo) we have ||V^^"]|| < Coi?", |^^^"^| < CqR^'', and ||PJ"j|| < CqR''. 

li we set (3 = a > 0, g = a^/^, and a = 0, then we immediately obtain the following 
corollary. It states that the ground state and the ground state energy of an atom in qed, in 
the scaling limit where the ultraviolet cutoff is of the order of the Rydberg energy, admit 
convergent expansions in the fine structure constant with uniformly bounded coefficients. 

Corollary 3. Assume Hypothesis (H). There exists a positive a^ and finite constants 
Co, R such that for < a < ao th^ operator H^s/2^^q has a ground state ijj{a^^'^) with 
ground state energy E{a) such that we have the convergent expansions 



^(a^/^) = 5^^(")a^"/^ , E(«) = ^Er) 



a^", 



n=0 n=0 

and for all neNo anda>0 we have \\ip^a^\\ < Coi?" and |Ei^"^| < Coi?^". 

Corollary [3] improves the main theorem stated in [4j . It provides a convergent ex- 
pansion and furthermore shows that the expansion coefficients are finite. Moreover, we 
show in the next section, that the expansion coefficients ^a and Ea " can be calculated 
using regular analytic perturbation theory. This yields a straightforward algorithm for 



calculating the ground state and the ground state energy to arbitrary precision in a. We 
want to point out that the authors in [3] note that they could alternatively work with an 
ultraviolet cut-off of the order of the rest energy of an electron, which, in the units used 
in this paper, corresponds to choosing A(a) = Oi^a'"^). The methods used in the proof of 
Theorem [1] could also incorporate a certain a dependence of the cutoff. This would lead 
to weaker conclusions, which are not only technical. 

3 Analytic Perturbation Theory 

In order to relate the expansions given in Theorem [1] and Corollary [3] to ordinary ana- 
lytic perturbation theory, we introduce an infrared cutoff a > 0. In that case, analytic 
perturbation theory becomes applicable, and it is straightforward to show the following 
theorem. For completeness we provide a proof. 

Theorem 4. Assume Hypothesis (H). For a > and [3 &M., there is a positive go such 
that for all g G Dg^^, the operator Hg^p^„ has a non- degenerate eigenvalue E^^^i^g) with 
eig en-projection Pj^^^^g) such that the following holds. 

(i) For g G Dg^ we have Ep^„{g) = inf o-(ifg,^,^), and -E/3,<t(0) = -Eat- 

(a) g I— )■ Eiifj{g) and g i— )■ Pp,j{g) are analytic functions on Dg^. 

(ill) Pp,a{gY = PpAa) for all geDg^. 

On Dg^ we have convergent power series expansions 



hA9) = Y.Ptk^ E,A9) = J2^^^y- (5) 



n=0 n=0 

Proof. Fix cr > and /3 G M. We introduce the subspaces f)^ := L^{{k G M^||A;| > a} x 
Z2) and [}a '■= L'^i{k G ]R^||/i;| < a} x Z2) of P), and we define the associated Fock-spaces 
J-CT := J-'s{i)a )• By lo- we denote the identity operator in Jv and by lat the identity 
operator in Hat- We consider the natural unitary isomorphism f/ : J^j (g) Jv — > -7^, 
which is uniquely characterized by 

U{{hi (g)s ■ • • ®s hn} <8) {gi^s- ■ ■ ®s gm}) = hi ^s ■ ■ ■ ^s hn <^s gi <^s ■ ■ ■ ®s 5'm, 



for any hi,...,hn G f)o- and gi,...,gm G i)a ■ We denote the trivial extension of U to 

^mbol. We expand the 



'Ha.t ®J^a ® Jv by the same symbol. We expand the Hamiltonian as follows. We write 



with Hq := i^at + Hf and 

AT AT 

3=1 i=i 

By TJ^ J{g) we denote the unique operator in T^at ®J^a such that Tii^^{g) = U{T^J{g) 



li~'')U*. We have 

where we introduced the following operators acting on the corresponding spaces 






i^ij = ifat ® 4^^ + lat ® H\-^J 

where Xaik) = 1 ii \k\ < a and zero otherwise. Now observe that Hr has only one 
eigenvalue. That eigenvalue is 0, it is at the bottom of the spectrum, it is non-degenerate 
and and its eigenvector, fii- , is the vacuum of Jv . This implies that -ffg,/3,o- and H^ J + 
TpJ{g) have the same eigenvalues and the corresponding eigen-spaces are in bijective 
correspondence. Next observe that Hq J has at the bottom of its spectrum an isolated 
non-degenerate eigenvalue which equals -Eat- Moreover, g 1— )■ HqJ +TI^ J{g) is an analytic 
family, since the interaction term is bounded with respect to HqJ. Now by analytic 
perturbation theory, it follows that there exists an e > such that for g in a. neighborhood 
of zero the following operator is well defined 

<H^) := -7^. I (<J + Tl':Kg) - zr'dz. (6) 

^^* J\z-E^t\=€ 

Moreover, the operator PaJ{g) projects onto a one-dimensional space which is the eigen- 
space of HqJ+TJ^ J{g) with eigenvalue Eii^^{g). Furthermore, P^ J{g) and Ep„{g) depend 
analytically on g and Ep^„{Q) = i^at- We conclude that Ep^^{g) is a non-degenerate 
eigenvalue of Hg^p^j with corresponding eigen-projection 

PpA9) = U{Pl^}{g)®P^i-,)U\ (7) 

and properties (i)-(iii) of the theorem are satisfied. D 

We want to emphasize that the g^ of Theorem H] depends on a and fi and we have not 
ruled out that 5^0 ~^ as a | 0. To rule this out we will need Theorem [H The expansion 
coefficients of the eigenvalue or the associated eigen-projection obtained on the one hand 
by renormalization, (jl]), and on the other hand using analytic perturbation theory are 

8 



equal. To this end, note that for a > and P & M. there exists by Theorems [T] and H] 
a ball Dj. of nonzero radius r, such that the following holds. The eigenvalue E^^^lg) is 
non-degenerate for g E Dr- Thus Ep,j{g) = Ej3a-{g) on Dr and hence Pp^^i^g) = Pp^^i^g) 
on Dr . Thus the following remark is an immediate consequence of Theorems [1] and HI 

Remark 5. For all /3 G M. and a > we have PTl = PTl and E^ = Ej^l- Moreover, 
Ppl and Epl have a limit as a J, 0. 

Finally we want to note that PTl can be calculated, for example, by first expanding 
the resolvent in Eq. ([6]) in powers of g and then using Eq. (jTj). This will then yield the 
coefficients Ej^l^ for example by expanding the right hand side of the identity 

- (V^at ® fi, Hg^p^„Pp^„{g)ip^t ® fi) 

^I3,a[g) = — ; 

where (p^A. denotes the ground state of ifat- 

4 Outline of the Proof 

The main method used in the proof of Theorem [1] is operator theoretic renormalization 
[5l[T] and the fact that renormalization preserves analyticity [HI [16]. The renormalization 
procedure is an iterated application of the so called smooth Feshbach map. The smooth 
Feshbach map is reviewed in Appendix C and necessary properties of it are summarized. 
In this paper we will use many results stated in a previous paper [16]. Their generalization 
from the Fock space over L^(M^), as considered in [16], to a Fock space over L^(]R^ x Z2) 
is straight forward. To be able to show that the renormalization transformation is a 
suitable contraction we use that by rotation invariance the renormalization procedure only 
involves kernels which do not contain any terms which are linear in creation or annihilation 
operators. In section [5] we define an 5*0 (3) action on the atomic Hilbert space and the 
Fock space, which leaves the Hamiltonian invariant. In section [6] we introduce spaces 
which are needed to define the renormalization transformation. In section [7] we show that 
after an initial Feshbach transformation the Feshbach map is in a suitable Banach space. 
This allows us to use results of [16] which are collected in Section [HI In section [9] we put 
all the pieces together and prove Theorem [H The proof is based on Theorems [TTj and [281 
In section [9], we also show Corollary [2l 

We shall make repeated use of the so called pull-through formula which is given in 
Lemma W3\ in Appendix A. Moreover we will use the notation that R+ := [0, 00). Finally, 
let us note that using an appropriate scaling we can assume without loss of generality 
that the distance between the lowest eigenvalue of i^at and the rest of the spectrum is 

-E'at,! — -E'at = 1, (8) 



where i?at,i := inf {a{Hs,t)\{Ea,t})- Any Hamiltonian of the form (|3]) satisfying Hypothesis 
(H) is up to a positive multiple unitarily equivalent to an operator satisfying (|8]) and again 
Hypothesis (H), but with a rescaled potential and with different values for a, A, /3, and g. 
More explicitly, with 6 := -Eat,i — E^t we have 

N 

6-'SHg,^,,S* = J2iPj + 9A~~^0x,)Y + Vs + Hf, (9) 

i=i 

where S* is a the unitary transformation which leaves the vacuum invariant and satisfies 
SxjS* = 6-^/yj and Sa*{k)S* = 5~^'^a*{5-^k). We used the notation Vs := 5-^SVS% 
(3 := (5^/^/9, A := S~^A, a := S~^a, and Ij = 5^^'^g. From the definition of S it follows 
immediately from ([9]) that J2j=iP'j + ^s satisfies (IE]). 

5 Symmetries 

Let us introduce the following canonical representation of SO {3) on Tiat and f). For 
R G 50(3) and ip G "Hat we define 

To define an 5*0(3) representation on Fock space it is convenient to consider a different 
but equivalent representation of the Hilbert space i). We introduce the Hilbert space 
flo := L^(M^; C^). We consider the subspace of transversal vector fields 

[jT:={fE[)o\k-fik) = 0}. 

It is straightforward to verify that the map {/>:[)—)■ flT defined by 

(0/)(A;):= J2f{k,X)s{k,X) 

A=l,2 

establishes a unitary isomorphism with inverse 

{(t)-^h){k,X) = h{k)-e{k,X). 

We define the action of 50(3) on i)T by 

{UT{R)h){k) = Rh{R-^k), yh ei)T,Re 50(3). 

The function R i— )■ (J)^^Ut{R)4> defines a representation of 50(3) on f) which we denote 
by W(,. For R G 50(3) and / G () it is given by 

{U,{R)f){k,X) = J2 D,~,{R,k)f{R-'k,X), (10) 

A=l,2 

10 



where D^-^{R,k) := e{k,\) ■ Re{R ^k,\). This yields a representation on Fock space 
which we denote by Ujr. It is characterized by 

Ur{R)a*{f)Ur{Rr = a*{U^{R)f) , UAR)Q = Q. (11) 

We have 

Ur{R)a*{k,\)U^{Ry = J^ Dj^{R,Rk)a*{Rk,X). (12) 

A=l,2 

We denote the representation on "Hat ® J^ by W = Wat ® Wjr. We have the following 
transformation properties of the operators {xj)i and {pj)i, with j = 1, ...,N and / = 1, 2, 3, 

3 

U{R){x,)iU{Rr = Y, Rmi{x,)m = {R~'x,)i, (13) 

m=l 
3 

U{R){p,)iU{Rr = J2 Rml{Pj)m = {R~'Pj)l. (14) 

rra=l 

Moreover, the transformation property of the /-th component of the field operator A„^i{xj) 
is 

3 

U{R)A,^i{x,)U{Ry = J2 RmiA^A^,) = {R-'A)i{x,). (15) 

m=l 

This can be seen as follows. For fixed x G M'^ and / = 1, 2, 3 define the function 

f^,^){k,X):=^^^e{k,Xye-^'-. (16) 

^2\k\ 

Eq. (dS]) follows since by ([10]) we have Ui^{R)f(i^^) = Ylli=iRmif{m,Rx)- We call a linear 
operator A in the Hilbert space "H rotation invariant ii A = U{R)AU{R)* for all R G S'0(3) 
and likewise for operators in J^ and "Hat- From (TT^ - (ITB]) it is evident to see that the 
Hamiltonian Hg^i^^cr defined in ([3]), is rotation invariant. 

Lemma 6. Let / G f). If a^{f) is an operator which is invariant under rotations, then 

/ = o. 

Proof. Invariance implies 

a*{f) = Ur{R)a*{f)Ur{Rr = a*{U^{R)f) 
and therefore Ut,{R)f = f. This implies that for / := 0/ we have 

fiRk)=Rf{k). (17) 



11 



Let Hi denote the space of spherical harmonics of angular momentum /. We note that 
L^(M^;C^) = ^|^qL^(]R+) (^/7; (^ C^ where each summand is invariant under the rep- 
resentation of 5*0(3), /(■) H- Rf{R~^-). It follows that / = 0)^q /; where each fi is 
invariant. By Fubini's theorem there is a null set Ai C M^ such that for a countable 
dense set C oi R E S0{3) there is a null set A2(t) C S"^ so that Rfi(t, R~^e) = fi(t, e) for 
all t in the complement of Ai, i? G C, and e in the complement of A2(t). But since Hi is 
just the space of spherical harmonics of angular momentum /, fi[t, e) is continuous in the 
variable e so we can take C = SO (3) and A2(t) = 0. 

In particular if Re^ = 63, then fi(t, 63) = Rfi{t, 63). This implies that fi(t, 63) = Q(t)e3 
for some function q on [0, 00) \ Ai. Rotating 63 into an arbitrary e G 5^ and using the 
invariance we find fi{t,e) = ci{t)e which in turn implies that f{k) = c(|A;|)A; almost 
everywhere. But a function of this type is an element of ()t only if it is 0. D 

6 Banach Spaces of Hamiltonians 

In this section we introduce Banach spaces of integral kernels, which parameterize certain 
subspaces of the space of bounded operators on Fock space. These subspaces are suitable 
to study an iterative application of the Feshbach map and to formulate the contraction 
property. We mainly follow the exposition in [1]. However, we use a different class of 
Banach spaces. 

The renormalization transformation will be defined on operators acting on the reduced 
Fock space Tired '■= Pmd^, where we introduced the notation Pred := X[o,i](-f^/)- We will 
investigate bounded operators in Bil-ircd) of the form 

H{w):= V i/^,„H, (18) 



m,+n>0 



with 



J^m,n\U) j . J^m,n\'Wm,n) : 



(19) 
Hofliwofi) ■■= wofiiHf), 



where Wm,n e -^°°([0, 1] x B^ x R^) is an integral kernel for m + n > 1, m;o,o e L°°([0, 1]), 
and w denotes the sequence of integral kernels {wm,n)m,n€N'^- We have used and will 
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henceforth use the following notation. We set K = {k, A) G R^ x Z2, and write 

X:=XxZ2 , 5i := {x gM^||x| < 1} 

ir(-) := (K,, ..., KJ e {W" xZ^r, ir(") := (K,, .., ir„) G (R^ x Z2)" 

J-^m+n Jj^rn+n _ _ 



(Ai,...,ATn,Ai,...,An)£^ 



nm-\-n 






|^(m,n)| _ |i^M|.|^W|^ |i^M| := |A;i|---|A;„|, j^^"^)] := \ki\---\km\, 

n 

S[K(™)]:=^|A;„|. 
Note that in view of the pull-through formula (IT^ is equal to 

(20) 
Thus we can restrict attention to integral kernels Wm,n which are essentially supported on 
the sets 

Q^^ := {(r.i^^'"'")) G [0,1] X fi™+" I r < l-max(S[ir(")],S[^('")])}, m + n>l. 

Moreover, note that integral kernels can always be assumed to be symmetric. That is, 
they lie in the range of the symmetrization operator, which is defined as follows. 

Note that flT^ is understood in the sense of forms. It defines a densely defined form which 
can be seen to be bounded using the expression ( !20|) and Lemma [301 Thus it uniquely 
determines a bounded operator which we denote by Hm,n{wm,n)- This is explained in 
more detail in Appendix A. We have the following lemma. 

Lemma 7. For Wm,n e -^°°([0, 1] x fi™ x F") we have 

\\Hm,n{'^m,n)\\ < \\Wm,n\\ooin\m\)~^/'^ . (22) 
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The proof follows using Lemma [30] and the estimate 






I J^(m,n) 12 - ^1^1 

where S_^^^ := {{K^'^\ K^""^) G 5^+" |S[ir(™)] < 1,S[^(")] < 1}. The renormalization 
procedure will involve kernels which lie in the following Banach spaces. We shall identify 
the space L°°(S^+"; C[0, 1]) with a subspace of L°°([0, 1] x 5'^+'^) by setting 

for Wm,n e L°°(57'^";C[0, 1]). For example in (i) and (ii) of Definition [8] we use this 
identification. The norm in L°°(5™^"; C[0, 1]) is given by 

||Wm,n||po:= eSSSUp SUp^>o|Wm,n(-f^*-"''"'')(r)|- 

^(m,n)gjj™+". 

We note that for w G L°°(5™+"; C[0, 1]) we have ||w||oo < ll'W^lloo- Conditions (i) and (ii) 
of the following definition are needed for the injectivity property stated in Theorem [TOl 
below. 

Definition 8. We define W*„ to be the Banach space consisting of functions Wm,n ^ 
L°°(5™^"; C^[0, 1]) satisfying the following properties: 

(i) Wm,n{'^ - Xq ) = 0, form + n>l, 

— m,,n 

(ii) Wm,ni- , K^"^\ K^"'^) is totally symmetric in the variables i^(™) and K^"^^ 
(Hi) the following norm is finite 

Hence for almost all K^"^'"-^ E 5^+" we have Wm,n{-, i^^""'")) G C^[0, 1], where the deriva- 
tive is denoted by drWm,n- For < .^ < 1, we define the Banach space 

(r?i,n)GNg 

to consist of all sequences w = {wm,n)m,neNo satisfying 

|L,,|I# — \^ /^~('"+")||7/; W* < cyr, 
||W||^ • — / J S II "'m,n II ^ ^-''-'• 

(m,?i)eNg 

Remark 9. We shall also use the norm ||wm^„||* for any integral kernel w^.n ^ L°°{B^^^;C^ [0,1]). 

Note that H^mfn ||* < ||Wm,n||*- 
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Given w E V^f, we write w>r for the vector in Wt given by 

Wm,n , a m + n>r 



U , otiierwise. 

We will use the following balls to define the renormalization transformation 

B*{a,f3,^):=\^weWf\\\drWo,o~l\\oo<a, |«;o,o(0)| < /3, |k>i||f <7}- 

For w E Wf, it is easy to see using ( l22l) that H{w) := J2mn-^rn,niuj) converges in 
operator norm with bounds 

\\H{w)\\<\\w\\f, (24) 

\\H{w>r)\\ <C\\w>r\\f. (25) 

We shall use the notation 

m+n>l 

We will use the following theorem, which is a straightforward generalization of a theorem 
proven in [1] . A proof can also be found in [16] . 



Theorem 10. The map H : Wf -> B{'Hj-cd) is injective and bounded. 



Definition 11. Let W^ denote the Banach space consisting of strongly analytic functions 



on -Di/2 with values in Wf and norm given by 



\\w\\^ := sup ||u7(z)||f . 
ze£»i/2 

For w G W^ we will use the notation Wm,n{z,-) := {wm,n{z)){-). We extend the 
definition of H{-) to W^ in the natural way: for w G W^, we set 

(Hiw)) (z) := H{w{z)) 

and likewise for Hm,n{-) and W[-]. We say that a kernel w G Wg is symmetric ii Wm,n{z) = 
Wn,m{z) for all z G -Di/2- Note that because of Theorem [10] we have the following lemma. 

Lemma 12. Let w G W^. Then w is symmetric if and only if H{w{z)) = H{w{z))* for 
all z G Di/2. 

The renormalization transformation will be defined on the following balls in W^ 

B{a,/3,j) 

weW^ sup \\drWo^Q{z) — l\\oo < a, sup \wofi{z,0) + z\ < (3, \\w>i\\^ < "y 
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We define on the space of kernels W*„ a natural representation of S0{3), Uw, which by 
Theorem [10] is uniquely determined by 

H{Uy,{R)Wm,n) = Ur{R)H{Wm,n)U*^{R) , Vi? G 50(3), (26) 

and it is given by UY^{R)wQfl{r) = wo,o(^) and for m + n > 1 by 

{Uw{R)wm,n) (r, h, Ai, . . . , kn, Xn) (27) 

E^AiA' (R, h)--- D^ J, {R, kn)'Wm,n{r, R'^ki, A'l, . . . , R~^kn, \). 

That fl271) implies fl26|) can be seen from (IT2l) . The representation on W*„ yields a natural 
representation on W*, which is given by {Uy\;{R)w)m,n = Uw{R)wm,n for all R G S'0(3). 
We say that a kernel Wm,,n G VV*„ is rotation invariant if Uy\!{R)wm^n = Wm,n for all 
R G 5*0(3) and we say a kernel w G W^ is rotation invariant if each component is 
rotation invariant. 

Lemma 13. (i) Let Wm,n £ ^mn- Then H{wm,n) is rotation invariant if and only if 
Wm,n is rotation invariant. Let w G Wf. Then H{w) is rotation invariant if and only if 
w is rotation invariant, (ii) If Wm,n G VV* n with m + n = 1 is rotation invariant, then 

Wm,n = 0. 

Proof, (i). The if part follows from ( l26l) . The only if part follows from ( l26l) and the 
injectivity of the map H(-), see Theorem [TUl (ii) Let Wi.o G Wfg be rotation invariant. 
Then Wr defined by Wr{k, A) := Wifi{r, k, A) is in [) for all r G [0, 1]. By fl27|) . fITOl) . and 
flTTj) it follows that a*{wr) is rotation invariant. By Lemma [6], Wr = 0. The proof of the 
corresponding statement for Wg i is analogous. D 

To state that the contraction property of the renormalization transformation will need 
to introduce the balls of integral kernels which are invariant under rotations 

Bo{a,f3,'y) := {w G B{a,(3,'y)\ Wm,n{z) is rotation invariant for all z G -D1/2 }■ 

To show the continuity of the ground state and the ground state energy as a function 
of the infrared cutoff we need to introduce a coarser norm in W*„. The supremum norm 
is to fine. To this end we introduce the Banach space L'^{B_^^"'; C[0, 1]) with norm 

1/2 



I '^m,n II 2 



, , ^ , , — ^ sup |w;„„(r,i^('"'"))p 



Observe that L°°(5™+"; O[0, 1]) C L^ (5™+"; O[0, 1]) and that by ([23]) we have 

11 11 , ||'W^m,n||oo /ooN 

lFm,n||2 < ^-1 r , (28) 

for all Wm,n £ W*^. We have the following lemma which is a consequence of Lemma [301 
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Lemma 14. For Wm,n G Ll{B^+'''- C[0, 1]) we have 

\\Hm,n{Wra,n)\\ < \\Wm,n\\2 ■ (29) 



IS 



Definition 15. Let S he topological space. We say that the mapping w : S ^ WT 
componentwise L"^ -continuous (c- continuous) if for all m, n G Nq the map s i— ?■ Wm,n{s) is 
a Ll^iMT^^'i C'iO, 1]) -valued continuous function, that is 



lim \\w{sQ)m,n-w{s).m,n\ 



for all So E S. 



The above notion of continuity for integral kernels, yields continuity of the associated 
operators with respect to the operator norm topology. This is the content of the following 
lemma. 

Lemma 16. Let w : S -}■ WT be c-continuous and uniformly bounded, that is 
^^Pses\\^i-^)\\t < °*^- Then H{w{-)) : S — )■ B{'Hrcd) is continuous, with respect to the 
operator norm topology. 

Proof. From Lemma [14] it follows that Hm,n{w{s)) — )■ Hm,n{w{sQ)) as s tends to sq. 
The lemma now follows from a simple argument using the estimate fl25l) and the uniform 
bound on w{-). D 

7 Initial Feshbach Transformations 

In this section we shall assume that the assumptions of Hypothesis (H) hold. Without loss 
of generality, see Section HI we assume that the distance between the lowest eigenvalue of 
ifat and the rest of the spectrum is one, that is 

inf (a(i7at)\{^at})-^at = l. (30) 

Let xi and Xi be two functions in C°°(]R+; [0, 1]) with Xi + Xi = 1? Xi = 1 on [0,3/4), 
and suppxi C [0, 1]. For an explicit choice of Xi and Xi see for example [Ij. We use the 
abbreviation xi = Xii^f) and Xi = Xi{Hf). It should be clear from the context whether 
Xi or Xi denotes a function or an operator. By (/?at we denote the normalized eigenstate 
of Hat with eigenvalue i?at and by Pat the eigen-projection of ifat corresponding to the 
eigenvalue E^t- By Hypothesis (H) the range of Pat is one dimensional. This allows us to 
identify the range of Pat(8Pred with "Hred, and we will do so. We define x^^K''") '■= Pa.t^Xii''") 
and x(^)(r) = P^, 1 + P^, ® Xi{r), with Pat = 1 - Pat- We set x^^^ := X^^\Hf) and 
^^(1) ;= x'^^^iHf). It is evident to see that x^^^ +X^^^ = 1- The next theorem is the main 
theorem of this section. It states properties about the Feshbach map and the associated 
auxiliary operator, see Appendix C. 
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Theorem 17. Assume Hypothesis (H). For any < ^ < 1 and any positive num- 
bers 61,62,63 there exists a positive number Qq such that following is satisfied. For all 
{g, (3, a, z) G Dgo X M X M+ X D1/2 the pair of operators {Hg^p^^ - z- E^t, Hq - z - E^t) 
is a Feshbach pair for x^^^ ■ The operator valued function 

Q^(i){g,(3,a,z) := Q^(i){Hg^p^„ - z- E^^,Hq - z- E^t) (31) 

defined on Dg^^ x M x M+ x D1/2 is bounded, analytic in (g, z), and a continuous function 
of {a, z). There exists a unique kernel w^^\g, [5, a, z) G W* such that 

H{w^^\g, (5, a, z)) = F^^n {Hg,p,a -z- E^,, Ho - z - E^,) \ RanP^t ® Pred- (32) 

Moreover, ly'^^^ satisfies the following properties. 



(a) We have w^'^\g,P,a) := w'^^^g, I3,a,-) G Bo{6r, 62, 6:,) for all {g,l3,a) G D 



90 



X K X 



(b) w^^\g, (3, a) is a symmetric kernel for all (g, (3, a) G (-D^p fl M) x M x 



(c) The function (g, z) ^-^ w^^\g, (3, a, z) is a Wf -valued analytic function on Dg^ x D1/2 



for all {13, a) ^^yi^+. 

(d) The function {a, z) 1— ;■ w^^\g, (3, a, z) G Wf is a c-continuous function on M+ x D1/2 
for all {g, /3) G Dg, x R. 

The remaining part of this section is devoted to the proof of Theorem [T71 Throughout 
this section we assume that 

z = C-E,te Di/2. (33) 

To prove Theorem flT7|) . we write the interaction part of the Hamihonian in terms of 
integral kernels as follows, 

Hg,l3,a = Hat + Hf+ : Wg^p^a '■■, 

Wg,p,„:= J2 W^A9,f3,cr). (34) 

m+n=l,2 

where W^^^ig, P^a) := K^^w^J^Ag, (3, a)) with 
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and 



.7 = 1 ^^ 



AT 



/ta,A(fc)e-^^'=-^^K,,A(A;)e^^'=-^'^^ 



w^ll{g,P,a){K,K):=g'Y.<kA).e{kA)^^^^^^ ^ 



^2,0 






{9,P,cr){Ki,K2) -.= 9 2^e{ki,Xi) ■e{k2,X2)— ^= ' ■y=- 



wi%,f3,a){K) := w^'Jig, l3,a){K)% and w;S5(^,/3, a)(iri, i^a) := 4!o(^,/3, ^)(^i, ^2). 
We note that (^5ij is understood in the sense of forms, c.f. Appendix A. We set 

Wo^o{z){r) := H^t - z + r. 

By w^^^ we denote the vector consisting of the components Wm,n with m + n = 0,1,2. 

The next theorem estabhshes the Feshbach property. To state it, we denote by Pq 
the orthogonal projection onto the closure of Ranx*-^^ We will use the convention that 
{Hq — z)~^x^^^ stands for {Hq — z \ Ranx^^)))"^^*^^^ and that {Hq — z)^^Pq stands for 
(i^o ~~ z \ RanPo)~^-Po- The proof of the Feshbach property is based on the fact that 

infa(i7o \ RanPo) = ^at + \. (37) 

which follows directly from the definition, and the fact that the interaction part of the 
Hamiltonian is bounded with respect to the free Hamiltonian. 

Theorem 18. Let jE^t - CI < |- ^/ien 

||((i7o-C) rRanPo)-'||<4. (38) 

There is a C < 00 and go > such that for all (/3, a) G M x M_|_ and \g\ < go, 

WiHo-Cr'x^'^Wg^^Al ^ C\9l \K,(sAHo-Cr'x^'^\\ < C\g\, (39) 

and {Hg^i3^a — C,,Ho — C) is a Feshbach pair for x^^^ ■ The function {g,(3,a,C) >— ?■ (Hq — 
C)^^X^^^^g,l3,(7 onCxWx R+ X Di/2{Ea_t) is analytic in {g,C) o-i^d continuous in {(J,(). 

Proof. Eq. fl38l) follows directly from Eq. f l37|) . We will only show the first inequality of 
fl39|) . since the second one will then follow from 
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where we used that the norm of an operator is equal to the norm of its adjoint. The 
Feshbach property will follow by Lemma [M] as a consequence of (!38|) and (!39|) . For 

l-E'at — CI < 1) "we estimate 



Hq — -Eat + 2 



< 



-Po 



Ho-E^, + 2y^Wg,pA\. 



Ho-C 
Using the spectral theorem we estimate the first factor in ( |40|) by 



(40) 



Hq — -Eat + 2 



^0-C 



Pn 



< sup 

r>0 



+ 2 + r 



^at + f - C + r 



< sup 

r>0 



ll + 4r 



l + 4r 



< 11. 



(41) 



It remains to estimate the second factor in fl40l) . We insert fl34l) and use the triangle 
inequality, 

\\{Ho-E,, + 2)-'Wg,p4< Y, \\{Ho-E^, + 2)-'W^^4g,P,a)\\. (42) 

m+n=l,2 

We estimate each summand occurring in the sum on the right hand side individually. To 
estimate the summands with m + ra = 2 we first use the trivial bound 



(43) 



{Ho - Sat + 2)-'Wm,n{9, /?, ^) || < || (^/ + l)~'W^m,n(^, /?, ^ 

The right hand side of fj43|) is estimated for (m, n) = (0, 2) as follows, 

\\{Hf + l)-'Wo,2{9,t3,cr)\\ 
\9\'N 



< 



< 



2 

\9\'N 



(R3)2 I ^(2) 1 2 



/ta,A(A;i) /ta,A(^2) 



2 (r+|fci| + |A;2|)2 
^.">S (r + l)2 



nl/2 



[3 II K,^, A /c^ 11^ + 6||k^,a/u;||^||k^,a||^] 



211/2 



(44) 



where in the first inequality we used Lemma [30] and in the last inequality we used the 
following estimate for r > 0, 



(r+ |A;i| + \k2\f 

(r + iy 



<m + \h\^ + \k2 



To estimate the right hand side of ( H3l) for (m, n) = (2, 0) we use the fact that the norm 
of an operator is equal to the norm of its adjoint, the pull-through formula, and a similar 
estimate as used in 



\iHf + iy'W2,oi9,P,a)\\ = \\Wo,2i9,P,^)iHf + l)-'\\<r.h.s. 
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To estimate the right hand side of (1431) for {171,11) = (1, 1) we first use the pull-through 
formula and then Lemma [30] to obtain 



[Hf + l)-'W^,,{g,(3,a) 



< 



< 



\9?N 
2 

\9\'N 



dK^^^^) 



'^f 



\K.a,A{^l)\ t^a,A{^ 



|K(1'1)|2 

1 /9 



sup 

r>0 



(r +|A:i|)(r + |fc i|) 
(r + l)2 



nl/2 



(45) 



where in the last inequality we used the following estimate for r > 0, 

{r + \h\){r + \h\) 



{r + iy 



< 2+ IfciT + Ifcil. 



To estimate the summands with m + n = 1 on the right hand side of f l42|) we insert 
the trivial identity 1 = {Hf + l)i/2(_A + if^^Hf + l)-i/2(-A + l)"i/2 and obtain the 
estimate 



|(i7o-^at + 2)-W„,„(^,/3,a)|| 



< 



(ifat-i?at + l)-'/'(-A + l)l 



/2| 



X ||(-A + ir'/\Hf + ir'/'Wm,n{9, A ^)|| • 

The first factor on the right hand side is bounded by 1/2, which follows from a trivial 
application of the spectral theorem. The second factor on the right hand side is bounded, 
since V is infinitesimally operator bounded with respect to —A. The last factor on the 
right hand side is estimated as follows. For in + n = 1, 

\U-A + l)-'/\Hf + l)-'/'W^,^{g,^,a)\\ 



N 



j=i 1=1 



(p. 



'j)i 



(-A + 1)1/2 
< 6N\g\ {\K,a/u\\1 + 5^r.o\K,A/M\lY^' 



{Hf + l)-i/2 [5„^,H,^^{uj''^f^i^p,^)) + (5„o^o,i(^'/'/(^,/3.,))] II 

(46) 



where in the first inequality we used the triangle inequality and flT6l) . and in the second 
inequality we used the pull-through formula and Lemma [301 Collecting estimates we 
obtain the desired bound on the second factor in fHUI) . The statement about the analyticity 
and continuity follow from the explicit expression and the bounds in (H0l) - (l46l) . D 

As a consequence of the first equation in (!39|) it follows that the operator valued 
function ([31]) is uniformly bounded for Qq sufficiently small. Theorem [18] furthermore 
implies that ([31]) is continuous in (a, z) and analytic in {g,z), provided go is sufficiently 
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small. Next we want to show that there exists a w^'^\g, (3,a, z) G Wf such that (!32|) 
holds. Uniqueness will follow from Theorem [TOl In view of Theorem [18] we can define for 
z = ( — -Eat ^ -Di/2 and g sufficiently small the Feshbach map and express it in terms of 
a Neumann series. 

= (T + xWx - xWxiT + xWxr'xWx) \ X,, ® H^ed 

^ oo \ 

T + xW^X - xWxY, {-T-'xWxTT-'xWx r ^at ® Ked , 

where here we used the abbreviations T = Hq — (, W = Wg^f^^^, x = X^^\ X = X^^''- We 
normal order above expression, using the pull-through formula. To this end we use the 
identity of Theorem [311 see Appendix B. Moreover we will use the definition 



We obtain a sequence of integral kernels w^^\ which are given as follows. For M + N > 1, 
cS;;„(9,Aff,J)(r,A-<"''">) (47) 

=(8.)-j-f(-i)- z filC"';")("'r' 

|m|=M,|n|=Af, 
l<mi+pi+qi+ni<2 

x\^fep,„,,)[ti;'(^,/3,a,C)](r,ir(^^'^)). 
Furthermore, 

oo 
L=2 {p,q)eNl^:pi+qi=l,2 

Above we have used the definition 

Kn,p,n,gM(^,^^'-'''-'^):= (48) 

/ L \ 

(^at ® fi, Fo[w]{Hf + r) J] {li:™M(K("""'))F,H(i/y + r + F,)} <^at ® fi 
where for / = 0, L we set Fi[w]{r) := Xi(r) , and for / = 1, ..., L — 1 we set 

Fi[w]ir):=F[w]ir):=^^^. 
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Moreover, see fl82|) for the definition of r/. We define w^^\g, l3, a, z) := (w^^^) ^ {g, /3, a, z). 
So far we have determined w*^^^ on a formal leveL We have not yet shown that the involved 
series converge. Our next goal is to show estimates ( !57l) . ( !58l) . and ( !59|) . below. These 
estimates will then imply that w^'^\g^l3^a^z) E Wf and they will be used to show part 
(a) of Theorem [T71 To this end we need an estimate on Vm,p,n,g['w^^^, which is given in 
the following lemma. 

Lemma 19. There exists finite constants Cw and Cp such that with Cw{g) '■= Cw\g\ we 
have for \C - E^t\ < 1/2, 

\\Vrn,p,nAw^'\g,P,CTX)]\\*<iL + l)C^^'Cw{g)\ (49) 

for all (^,/3,a) G C xRx M+. 

To show this lemma we will use the estimates from the following lemma and we 
introduce the following operator 

Go := -A + Hf + 1. 

Lemma 20. There exist finite constants Cw o-nd Cp such that the following holds. We 
have 

\\G,'"w:^:'M'^{g, /5' ^' C)](^^'"'"^)Go"'^1 < CH.r+^+"+^ (50) 

for all {g, /3, a, C, iT^"^'")) gCxRxR+xCx 57*+". For |C - ^at| < 1/2, we have 

||Gf F[«;(^)(<7,/3,a,C)](r + ff/)Gf II <C^, (51) 

\\G]J^d,,F[w^'\g,P,a,Q]{T + Hj)G]1'\\ < Cp, (52) 

for all {g,/3,a,r) G C x M x M+ x R+. 

Proof. First we show fl50l) . For simplicity we drop the (^f,/?, a, C)^dependence in the 
notation. If j9 = g = it follows directly from the definition that 

l.h.s. of ([50]) < 2\g\'^+''+P+iN. 

To see the corresponding estimate for p + q > 1 we first introduce the notation 

So(r):=(-A + r + l)-i/2. (53) 

1/9 

Hence by definition BQ{Hf) = Gq . Using the pull-through formula and Lemma [301 we 
see that 



Tm,n 

p,q 



G'c^'^v™r[^^^^](^^"'"^)^o 



)^^-V2 



< 



X 



p+q 



|X(P'9)| 



sup 

r>0 



5o(r + S[X(^)])^|„V+.(^^™^^^'^ ir(«),X(«))i?o(r + S[X(^)]) 



(r + S[X(P)])''(r + S[X(5)] 



(54) 
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where we used the trivial estimate for r > 0, 



n(r + S[X«])<(r + S[X(p)]f. 



(55) 



1=1 



Now we use flMj) to estimate the remaining cases for m, n, p, q separately. We find 

g\2N\\K„^K/uj\\i^, if S'=l, p + g = l, 

^ \ ii S = 2, max(p, q) = 1, 

, 1 /o 

if 5* = 2, max(p, q) = 2, 



Tm,n ^ 

p,q — 



l^piV {\K,k/uj\\1 + 2||«:.,A/u;||2||«:,,A/a;V2||^) V2 



with S := m + n + p + q. Collecting estimates, ( 150|) follows. Next we show (15T]) . Inserting 
two times the identity 1 = {H^ + r -E^t + l)^''^(^o + r -E^t + l)'^''^ into the left hand 
side of (15T]) we find, 



^1/2/ 



l.h.s. of (EH) < G^^ (^0 + r - E^t + 1) 



-1/2 



Ho + r-E^, + l 



Ho + r-( 



[x'^'\Hf + 



The first factor is bounded since V is infinitesimally bounded with respect to —A. The 
second factor can be bounded using a similar estimate as ( HTj) . Finally (!52l) is estimated 
in a similar way using 



F[w^'\g,^,a,C)]'{r) 



[x'^'\r)Y 2t'Kr)dr.t'Kr) 



,W 



KiiOir] 



+ 



,w 



<M)ir) 



and the bound 

Ho + r-E^t + l 



[Ho + r- Cy 



[t'\Hf + r)] 



< 



Ho + r-E^t + l 



3 



[x^'\Hf + r 



< sup 

r>0 



r + f + 1 



(r + l/Ay 



<32. 



where 



I op 



D 



(56) 



denotes the operator norm, and Inequalities (1501) and ( 1511) . To estimate 



Proof of Lemma \7R We estimate || Kn^p^„_g [w*^^^ ((?, /3, cr, C)]||oo using 

\{iPs.t ^ ^, A1A2 ■ ■ ■ Anifat ® fi)| < ||Ai||op||A2||op--- Pnllop, 



||(9rl^,p,n,g[w'''^''(5',/3, a, C)]||^ we first calculate the derivative using the Leibniz rule. The 
resulting expression is estimated using again fl56|) and Inequalities f l50|) - fl52|) . D 

Now we are ready to establish Inequalities (!57|) - (l59|) . below. Recall that we assume 
(l33l) . Let Sf/jv denote the set of tuples {m,p,n,q) G Nq^ with \m\ = M, \n\ = N, and 
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1 < mi + Pi + qi + 111 < 2. We estimate the norm of (l47j) using ( 149|) and find, with 



\w'§l{g,P,a,z)\\f= Y. r(^-^+^^II^Af,iv(^,/3,a,^) 



Af+Ar>l L=l (m,p,n,£)e5|:^ j^ 



oo 



L=l A./+Ar>l {rn,p,n,q)€S^f^^ 

oo 

< 5^(L + l)14^r'^C^ {4Cw{9)Cf)'' , (57) 



L=l 



for all ((?, /3, a) G C X M X IR+, where in the second line we used ('^+p) < 2™-+p and in the 
last line we used \rn\ + \n\ < 2L and that the number of elements {m,p,n,q) E Nq with 
1 < m; + n; + p; + g; < 2 is bounded by 14^. A similar but simpler estimate yields 



snpJdrwi^J,{g,P,a,z){r)-l\<J2 E \\Vo,,,o,,y\g, /3,a,0]\\* 



''"^[°'^] L=2 (r,_a)pN?L 



<Y,^\L + l)CFiCwig)CF)'' , (5^ 



L=2 



for all ((?, /3, (t) G C X R X R^. Analogously we have for all ((?, /3, cr) G C x R x 



^+) 



|<^(^,/3,a,^)(0) + ^| < J] 5^ \\Vo,p,oM'\g,P,aX)]\\* 

oo 

< ^ 3\L + 1)Cf {Cw{g)CFf . (59) 

L=2 

In view of the definition of Cw{g) the right hand sides in fl57|) - fl59|) can be made arbitrarily 
small for sufficiently small \g\. This implies that the kernel w^^\g, f3,a, z) is in Wf and 
that the inequalities in the definition of Bo{Si, 62, S3) are satisfied. Rotation invariance of 
w^^^ follows since the right hand side of fl52]) is invariant under rotations and Lemma [T51 
(b) follows from the properties of the right hand side of (l32l) and Lemma [121 It remains 
to show (c) and (d). (c) respectively (d) follow from the convergence established in (157]) - 
(!59|) . which is uniform in {g,l3,a,z) G Dg^^ x R x R+ x D1/2, and Lemma [2T] respectively 
Lemma 1221 shown below. 



Lemma 21. The mapping {g, z) 1— ;■ Vrn,p,n,q[w^^\g , /3, o", -Eat + z)] is a W,* , ,, -valued ana- 
lytic function on Dg^ x D1/2 ■ 
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Proof. The analyticity in g follows since Vm^p^n,q[u!^^\g, (3,a, z + -Eat)] is a polynomial in g 
and the coefficients of this polynomial are elements in Wi^i . i because of (H9|) . To show 
the analyticity in z first observe that Vm,p,n,q is multilinear expression of integral kernels 
and that the kernels Wm^n do not depend on z if m + n > 1. We will use the following 
algebraic identity 

Ai{s) ■ ■ ■ An{s) - Ai{so) ■ ■ ■ An{so) 



s- So 



(60) 



J2 Mso) ■ ■ ■ A,_i(so)A;(so)A,+i(so) ■ ■ ■ Aniso) 

A{s)-A{so) 



i=l 



J2Ms)---A-iis) 



i=l 
n 



S - So 



- ^:(^o) 



Ai+i{So) ■ ■ ■ An{so) 



+ J2 IMs) ■ ■■Ai.iis) - Ai{so) ■ ■ ■ A_i{so)] A[{so)A+i{so) ■ ■ ■ A„(so). 



i=l 



Using fpU]) and fISBl) the analyticity in z follows as a consequence of the estimates in 
Lemma [20] and the following limits for the function 

F^/,Lir){z) := G'J'F[w^^\g, /3, a, E^, + z)]{Hj + r)Gl'\ 

li z, z + h E -Di/2 then for t = 0, 1, 



sup 

r>0 



sup 

r>0 



^{I) 



-dl [F^Xiz + h){r) - Fll^{z){r) ) + dlG', 



tr^il-i 



'^(1)1 



[x 



{H.,, + Hf + r-E,t-z) 



2^0 



1/2 



h^O 



dlF'jz + h){r)-dlF^X(^){r 



g,P,' 



h^O 



0. 
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Lemma 22. The mapping {a, z) t-)- Vrn,p,n,q[w^^\g, (3,a,Ei^t + z)] is a L5(5'p'^'- , C[0, 1])- 
valued continuous function on M_|_ x -Di/2- 

Proof. First observe that the kernel Vm,p,n,q is a multi-linear expression of integral kernels, 
thus to show continuity we can use the following identity, 

Ai{s) ■ ■ ■ Anis) ~ Ai{so) ■ ■ ■ Aniso) 



J2 Ai-s) ■ ■ ■ Ai_i(s)(Ai(s) - A{so))A+i{so) ■ ■ ■ v4„(so) 



i=l 



The lemma follows using fl6T]) . f l56|) . and the following estimates 

ll<j(^o,^o)(i^^-")) - <j(a,.)(ir(™-))||2 (-)^--) 0, 



sup 

r>0 



<I) 



(n< 



F';jicro,Zo)ir)-F^;jia,z)ir) 



(o-,z)^((TO,Zo) 



0, 



(61) 

(62) 
(63) 
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for the kernels 



Y-l/2 



Wl'}{a,z) := G,''^m;::^[w^'\g,P,a,z + E,,)]G, 



1/2 



It remains to show fl62|) and fl63|) . The hmit given in fl63|) is verified by inserting the 
definitions. Using the notation introduced in fl53|) we find for m + ra+p + g> 1 



j 



i?o(///)i:,T[^](^^'"'"^)^o(i^/)lP 



"1+" |i^(™''")|2 

m + n+p+9 |_ft'('n.")|2 |X(P''J)|2 



< 



X sup 

r>0 



i?o(r + S[X(P)])w^+p,„+,(ir(™),X(P),ir("),X(<?))i?o(r + S[X(«)]) 



llm,n,p,(;J ' 



(64) 

where we used Lemma [30] and (!55ll . Now using dominated convergence it follows from the 
explicit expression for the kernels w^^' that 






m,n,p,q 



0. 



Now (|6l and ([65]) imply ([62]). 



(65) 
D 



8 Renormalization Transformation 

In this section we define the Renormalization transformation as in [T] and use results from 
[T6] . Let < .^ < 1 and < p < 1. For w G W^ we define the analytic function 

Ep[w]{z) := p~'E[w]{z) := -p-'wo,o{z,0) = -p-'{Q,H{w{z))Q) 

and the set 

[/H:={^GDi/2||^H(^)|<p/2}. 

Lemma 23. Let < p < 1/2. T/ien for all w G B{p/8, p/8, p/8), the function Ep[w] : 
f/[u;] — 7- Di/2 ^s an analytic bijection. 

For a proof of the lemma see [1] or [16] (Lemma 21). In the previous section we 
introduced smooth functions Xi and Xi- We set 

Xp(-) = xi(Vp) , Xp(-) = Xi(Vp) , 
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and use the abbreviation xp = Xp{Hf) and Xp = Xp{Hf). It should be clear from the 
context whether Xp or Xp denotes a function or an operator. 

Lemma 24. Let < p < 1/2. Then for all w e B{p/8, p/8, p/8), and all z G -D1/2 the 
pair of operators {H{w{Ep[w]~^{z)),Hofi{Ep[w]^^{z))) is a Feshbach pair for Xp- 

A proof of Lemma [2^ can be found in [1] or [16] (Lemma 23 and Remark 24). The def- 
inition of the renormalization transformation involves a scaling transformation Sp which 
scales the energy value p to the value 1. It is defined as follows. For operators A G B{J^) 
set 

SM) = p-'^pAr;, 

where Tp is the unitary dilation on J-" which is uniquely determined by 

rpa*{k)r; = p-^/^a*{p-^k), TpQ = Q. 

It is easy to check that TpHfT*^ = pHj and hence FpXpF* = xi- We are now ready to 
define the renormalization transformation, which in view of Lemmas [23] and [23] is well 
defined. 

Definition 25. Let < p < 1/2. Form G B{p/8, p/8, p/8) we define the renormalization 
transformation 

{RpH{w)) (z) := SpF^^{H{w{Ep[w]-\z)),Ho,o{Ep[w]-\z))) \ H,,^ (66) 

where z G -Di/2- 

Theorem 26. Let < p < 1/2 and < ^ < 1/2. For w G B{p/8, p/8, p/8) there exists a 
unique integral kernel TZp{w) G Wg such that 

{RpH{w)){z) = H{np{w){z)). (67) 

If w is symmetric then also TZp{w) is symmetric. If w{z) is invariant under rotations for 
all z G Dij2 than also TZp{w){z) is invariant under rotations for all z G -Di/2- 

A proof of the existence of the integral kernel as stated in Theorem [26] can be found 
in [1] or [16] (Theorem 32) . The uniqueness follows from Theorem [10] The statement 
about the rotation invariance can be seen as follows. If w{z) is rotation invariant for 
all z G Di/2, then H{w{z)) and Hq^q{w{z)) and Ep[w\{z) are rotation invariant for all 
z G -Di/2, by Lemma [T^ In that case it follows from the definition of the Feshbach map 
(!83|) that the right hand side of (!66|) is rotation invariant. Now (1671) and Lemma [13] imply 
that IZp{w){z) is rotation invariant for all z G -Di/2- The statement about the symmetry 
follows from Lemma [T2] and the fact that the Feshbach transformation, the rescaling of the 
energy, and reparameterization of the spectral parameter preserve the symmetry property. 
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Theorem 27. For any positive numbers po < 1/2 and C,o < 1/2 there exist numbers 
p, ^, eo satisfying p G (0, po], ^ G (0, ^o]; ^^^ < cq < p/8 such that the following property 
holds, 

Tip ■.Bo{e,6u62)-^Bo{e + 62/2,62/2,62/2) , V e, 5i, ^2 G [0, eo). (68) 

A proof of Theorem [271 can be found in [16] (Theorem 38). The proof given there 
rehes on the fact that there are no terms which are hnear in creation or annihilation 
operators. Since by rotation invariance and Lemma [13] there are no terms which are 
linear in creation and annihilation operators, Theorem [27] follows from the same proof. 
Using the contraction property we can iterate the renormalization transformation. To 
this end we introduce the following Hypothesis. 

(R) Let p, ^, eo are positive numbers such that the contraction property ([68l) holds and 
p < 1/4, ^ < 1/4 and eo < p/8. 

Hypothesis (R) allows us to iterate the renormalization transformation as follows, 

^0(2^0, 2^0, 2^0) — > ^o([2 + ^l^o, ^eo, ^eo) — > ■ ■ ■ So(SJLi^eo, — eo, — eo) — > ■■ ■ . 
Theorem 28. Assume Hypothesis (R). There exist functions 



e(o)[-]:i3o(eo/2,eo/2,eo/2)^Di/2 
^(o)[-]:i3o(eo/2,eo/2,eo/2)-^^ 

such that the following holds. 

(a) For all w G i3o(eo/2, eo/2, eo/2), 

dimkerjif (w(e(o)[w])} > 1, 
and V'(o)[w^] is a nonzero element in the kernel of H{w{e(^o-)[w]). 

(b) If w is symmetric and —1/2 < z < e(o)[ti'], then H{w{z)) is bounded invertible. 

(c) The function ■?/;(o) [■] is uniformly bounded with bound 

sup ||^(o)MII <4e^ 

w€Boito/2,eo/2,€o/2) 

(d) Let S be an open subset of C respectively a topological space. Suppose 

wi-,-): 5xZ}i/2^Wf 
(s, z) I— i- w{s, z) 

is an analytic respectively a c-continuous function such that w{s){-) := w{s,-) is 
in So(eo/2, eo/2, eo/2). Then s t-)- e(o)[w(s)] and 'iIj(o)[w{s)] are analytic respectively 
continuous functions. 
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A proof of Theorem [281 is given in [16] (Theorem 42 and Theorem 43). We want to 
note that the proof which can be found there of part (a) of Theorem [28] is from [1]. 

9 Main Theorem 

In this section, we prove Theorem [H the main result of this paper. Its proof is based on 
Theorems [17] and [281 

Proof of Theorem [II Choose p, ^, eo such that Hypothesis (R) holds. Choose qq such 
that the conclusions of Theorem [T71 hold for 6i = 62 = S3 = eo/2. Let g G Dg^. It 
follows from Theorem [251 (a) that ip(^o)[w^^\g, (3,a)] is a nonzero element in the kernel of 
if^ j^(e(o)[ti'*-°^(5',/3, o-)]). From Theorem [T7[ we know that there exists a finite Cq such 
that 

sup \Q^(i){g,(3,a,z)\\<CQ. (69) 

(3,/3,o-,2)e_Bo xKxR+ xDi/2 

From the Feshbach property, Theorem [331 it follows that 

i^^Aa) ■■= Q^in {9. /3, CT, e^,)[w^'\g, /3, a)])i^^,)[w^'\g, /3, a)], (70) 

is nonzero and an eigenvector of Hg^p^a with eigenvalue Ep^^ (g) := E'at + ^(0) [w^^^ {g, /?, o")] . 
By Theorem [T71 we know that {g, z) 1— )■ w^^\g, 13, a, z) is analytic and hence by Theorem 
[281(d) it follows that g 1— )■ il){Q)[w^^\g,l3,a)\ and g h-)- EfjAd) ^^^ analytic. This implies 
that g ^-)■ ipi3,(T{g) is analytic because of the analyticity of {g, z) ^-)■ Q^w {g, (3, a, z) and ( 1701) . 
By Theorem [T71 we know that (a, z) i— ?■ w^^\g, (3, a, z) is c-continuous. By Theorem [251(d) 
it now follows that a 1— )■ il){Q)\w^^\g, f3,a)] and cr 1— )• Ej^Ad) ^'^^ continuous. This implies 
that a ^-)■ ipis^aig) is continuous because of the continuity of of (cr, 2;) t-)- Q^(i){g, f3,a,z) 
and (170|) . As a consequence of the definition it follows that we have the bound 

sup \EpA9)\<Kt + l/2. (71) 

(g,/3,o-)GDgyXlRxR+ 

By (ITOl) . Theorem [281 (c), and the bound in (1691) we have 

sup \^pA9)\<CQ^e\ (72) 

(g,/3,o-)GZ)9o xIRxR+ 

By possibly restricting to a smaller ball than Dg^ we can ensure that the projection 
operator 

p .X . l^/3,<x(^))(^/3,a(^)| .7^s 

is well defined for all (/3, a) G M x R_,_ and g G Dg^, which is shown as follows. First observe 
that the denominator of (1731) is an analytic function of g. By fixing the normalization 
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we can assume that (■?/^/3,o-(0),'?/'/3,o-(0)) = 1. If we estimate the remainder of the Taylor 
expansion of the denominator of (173!) using analyticity and the uniform bound (1721) it 
follows, by possibly choosing qq smaller but still positive, that there exists a positive 
constant cq such that | {ipi3,<T{g),il^/3,a{g))\ > cq for all If^l < go- Now using the corresponding 
property of ip/s^aig), it follows from (175]) that Pj3^o-{g) is analytic on Dg^, continuous in a 
and that 

sup \\p^Ag)\\<^- (74) 

li g e Dg^ n M, then by definition ([73]) we see that Pi3,a{g)* = PnA^)- 

The kernel w^^\g, (3, a) is symmetric for g E Dg^^ fl M, see Theorem 1T71 It now follows 
from Theorem l28l (b) that H^ j ^{z) is bounded invertible if z G ( — |, e(Q^oo)[w'^^\g ■, /?, o")]). 
Applying the Feshbach property. Theorem l33l it follows that Hg^p^^ — C is bounded invert- 
ible for ^ G (£^at — |, -E'at + e(o,oo) [if *-°''(5',/9, cr)]). For ^ < i^at — 1/2 the bounded invertibility 
of Hg^ji^fj — ( for g sufficiently small follows from the estimate 

\\{Ho-Cr'Wg,pA<M\iHo-E^t + 2'r'Wg,p,4<C\g\, 

where in the first inequality we used that Es,t is the infimum of the spectrum of Hq and 
in the second inequality we used the estimate of the second factor in (1401) . which is given 
in the proof of Theorem lT8l Thus Ep^aig) = inf cr(ifg,/3,o-) for real g G -Dgg fl M. D 

We want to note that the proof provides an explicit bound on the ground state energy, 
Eq. (17T]) . Next we show that Theorem H] implies Corollary l2j 

Proof of Corollaryl^ We use Cauchy's formula. For any positive r which is less than go, 
we have 

The first equation of ( 175]) implies that lE^l < r^'^sup^^g^^^^^j^^ xMxr+ I-^/3,o-(5')I ^^d that 
a H- py is continuous on ]R_|_ by dominated convergence. Similarly we conclude by ( 175]) 
that there exists a finite constant C such that ||'?/'a"^|| < Cr^"', respectively H-Pg*^ || < 
Cr^"^', and that i^^l, respectively -P^*^, are continuous functions of a G IR+. Finally 
observe that (— l)^ifc,_/3^o-(— 1)^ = H^g^^^^j where N is the closed linear operator on J^ 
with A^ \ J^'^"^(f)) = n. This implies that the ground state energy Ep^g) cannot depend 
on odd powers of g. D 
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Appendix A: Elementary Estimates and the Pull-through 
Formula 



To give a precise meaning to expressions which occur in flT9|) and fl35|) . we introduce the 
following. For ip E J^ having finitely many particles we have 



[a{K^)---a{Kjij]^{K, 



m+l) •••) -'^m+n) 



[m + n)\ 



n\ 



Wm+ny-'^li •••i ^m+n)i 



(76) 



for all K,,...,Km+n e M^ := M^ x Z2, and using Fubini's theorem it is elementary 
to see that the vector valued map {Ki, ....K^) ^-^ (i,{Ki) ■ ■ ■ a{Km)4' is an element of 
L^((R'^)'"; J-"). The following lemma states the well known pull-through formula. For a 
proof see for example O [16] . 

Lemma 29. Let f : M+ -^ C be a bounded measurable function. Then for all K eM.^ XZ2 

f{Hf)a*{K) = a*{K)f{Hf + u{K)), a{K)f{Hf) = f{Hf + u{K))a{K). 

Let Wm,n be function on ]R_|_ x (M.^) with values in the hnear operators of "Hat or 
the complex numbers. To such a function we associate the quadratic form 



<iw^,A^^i^) ■-- 



(iK^rn,n) 
hn |_^(m,n)|l/2 



a(ir("^))<^,w^,„(i7/,ir("^'"))a(ir("))^\. 



defined for all if and ip inTi respectively J-", for which the right hand side is defined as a 
complex number. To associate an operator to the quadratic form we will use the following 
lemma. 



Lemma 30. Let X 



X Z2. Then 



(77) 



where 



Wr. 



^j^(m,n) 



sup 



X' 






*^m..n. \ I ■ 



m 11 
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Proof. We set PfiT^")] := nr=i(^/ + ^[^'])^^^ and insert I's to obtain the trivial identity 



IQw^J^,-^)] 



, I Lr(m,n) 



p[;^M]p[^{m)]-l|^(m)|l/2^(^M^^^^^^^^^^^^(m,n)^ 



X 



P[ir(")]P[i^(")]-^|ir("V/2^(K("))v^ 



The lemma now follows using the Cauchy-Schwarz inequality and the following well known 
identity for n > 1 and G J-", 

2 

1=1 



dK^^)\K^^)\ 



Xn 



\p^n', 



{n 



where Pq := |f2)(f2|. A proof of fl78|) can for example be found in [T6] Appendix A. D 

Provided the form g,i,„„ is densely defined and ||tym,n||j is a finite real number, then 
the form g«,„„ determines uniquely a bounded linear operator H.mni'^m,n) such that 

for all (p,ip in the form domain of ?«,„„• Moreover, \\H.mni'^m,n)\\ < ||'U^m,n.||j)- Using the 
pull-through formula and Lemma [30] it is easy to see that for w^^\ defined in fl36l) . with 
m + n = 1,2, the form 

' UJ-m n 



(I) 
m,n 



is densely defined and bounded. Thus we can associate a bounded linear operator L 
such that qm,n{^,i') = {ip,Lm\ni')- This allows us to define 

as an operator in Ti. 

Appendix B: Generalized Wick Theorem 

For r/i, n G No let Ai^ ^ denote the space of measurable functions on M+ x (R.'^)'"+" with 
values in the linear operators of "Hat- Let 

m+n=l,2 

For w G Ai we define 

W[w]:= Yl H^,nH. 

m+ra=l,2 

The following Theorem is from [5j . It is a generalization of Wick's Theorem. 
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Theorem 31. Let w G Aj_ and let Fq, Fi, ..., Fl G A^qq. Then as a formal identity 
Fo{Hf)W[w]Fi{Hf)W[w] ■ ■ ■W[w]FL-i{Hf)W[w]FL{Hf) = Hiw^'^"^^), 



where 



WMAr-.K^''^''^) 



mi+-mi=M Pi,qi,-,PL,qL- 1=1 ^ ^ ^^ / ^ ^' 

ni+...nL=N mi+pi+n,+qi>l 

L-1 

xFo(r + fo)(fi, n {K2,?[Mir + n; kI'^"'''^)Fi{Hj + r + n)} 
z=i 

^^-^^-^[^(r + tl; 4"^^'"^))fi)Far + ?i), (79) 



with 



J^{M,N) _ ^^(mi.ni)^ ..., ir[™^'"^)), i^/"^""') := ( fc;™' \ ifef"' ^ ) , (80) 

n := S[ir^)] + ■ ■ ■ + S[^;:'f ^)] + S[ir/™'+^)] + ■ ■ ■ + S[irf^^], (81) 

n := S[Ki"^^] + ■ ■ ■ + S[^;"'^] + S[ir/;",'+^^] + ■ ■ ■ + S[irJ™^^]. (82) 

A proof can be found in [5]. We note that the proof is essentiaUy the same as the 
proof of Theorem 3.6 in [T] or Theorem 27 in 



Appendix C: Smooth Feshbach Property 

In this appendix we foUow [U [13]. We introduce the Feshbach map and state basic 
isospectrality properties. Let x ci-nd x be commuting, nonzero bounded operators, acting 
on a separable Hilbert space 1-L and satisfying x^ + X^ = 1- A Feshbach pair {H, T) for x 
is a pair of closed operators with the same domain, 

H,T : D{H) = D{T) dU^H 

such that H,T,W := H — T, and the operators 

W^:=xWx, W^:=xWx 

defined on D{T) satisfy the following assumptions: 
(a) xT C Tx and xT C Tx, 
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(b) T, Hy- : D{T) fl Ranx — ;■ Ranx are bijections with bounded inverse, 

(c) xH^^x^X • D(T) C "H — > "H is a bounded operator. 

Remark 32. By abuse of notation we write H^^x ^or (H^ \ Ranx)~ x and likewise T~^x 
for (T t Ranx)~^x- 

We call an operator A : D{A) C H — t- H bounded invertible in a subspace V dl-L (V not 
necessarily closed), if A : D{A) r\V ^ V is a, bijection with bounded inverse. Given a 
Feshbach pair (if, T) for x, the operator 

F^{H, T) ■= H^ - xWxH^'xWx (83) 

on D{T) is called the Feshbach map of H. The auxiliary operator 

Q^ := Q^iH, T):=x- xH^'xWx (84) 

is by conditions (a), (c), bounded, and Q^ leaves D(T) invariant. The Feshbach map is 
isospectral in the sense of the following theorem. 

Theorem 33. Let {H,T) be a Feshbach pair for x on a Hilbert space "H. Then the 
following holds, xkeriif C ker F^{H,T) and Q^ker F^{H,T) C ker H . The mappings 

X-.keiH ^ ker F^ {H,T), Q^ : ker F^ {H,T) ^ ker H, 

are linear isomoporhisms and inverse to each other. H is bounded invertible on Ti if and 
only if F^{H,T) is bounded invertible on Ranx- 

The proof of Theorem [33] can be found in [TJ [13] . The next lemma gives sufficient 
conditions for two operators to be a Feshbach pair. It follows from a Neumann expansion, 

m. 



Lemma 34. Conditions (a), (b), and (c) on Feshbach pairs are satisfied if: 
(a') xT C Tx and xT C Tx, 
(b') T is bounded invertible in Ranx, 
(c') WT^^x^xW < 1; llxW^^~^xll < 1; andT~^xWx i^ a bounded operator. 
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